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This research contribution addresses electric-field stimulation of intra-tissue mass transfer and cell prolifer-
ation in viscoelastic biomaterials. The unsteady state reaction–diffusion equation is solved according to the
von Kármán–Pohlhausen integral method of boundary layer analysis when nutrient consumption and tissue
regeneration occur in response to harmonic electric potential differences across a parallel-plate capacitor in a
dielectric-sandwich configuration. The partial differential mass balance with diffusion and electro-kinetic con-
sumption contains the Damköhler (Λ2) and Deborah (De) numbers. Zero-field and electric-field-sensitive
Damköhler numbers affect nutrient boundary layer growth. Diagonal elements of the 2nd-rank diffusion ten-
sor are enhanced in the presence of weak electric fields, in agreement with the formalism of equilibrium and
nonequilibrium thermodynamics. Induced dipole polarization density within viscoelastic biomaterials is cal-
culated via the real and imaginary components of the complex dielectric constant, according to the Debye
equation, to quantify electro-kinetic stimulation. Rates of nutrient consumption under zero-field conditions
are described by third-order kinetics that include local mass densities of nutrients, oxygen, and attached
cells. Thinner nutrient boundary layers are stabilized at shorter dimensionless diffusion times when the
zero-field intra-tissue Damköhler number increases above its initial-condition-sensitive critical value [i.e.,
{Λ2

zero-field}critical≥53, see Eq. (23)], such that the biomaterial core is starved of essential ingredients required
for successful proliferation. When tissue regeneration occurs above the critical electric-field-sensitive
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intra-tissue Damköhler number, the electro-kinetic contribution to nutrient consumption cannot be
neglected. The critical electric-field-sensitive intra-tissue Damköhler number is proportional to the Deborah
number.

© 2011 Elsevier B.V. All rights reserved.
1. Introduction

Biological effects associated with exposure to electric fields have been
well-documentedduring the past 50 years on isolated cells [1] and tissues
[2]. Cellular phenomena associatedwith proliferation, differentiation, and
regeneration, such as wound healing [3], in the presence of electric fields
have been studied extensively. Cellular activities, such as altered tran-
scription [4], protein synthesis [5,6] and migratory patterns [7] can be
influenced by electrical stimuli. Significant progress has occurred on the
application of electric fields to treat a variety of bone disorders [8–11].
Upon exposure to electric fields, one side of the cell becomes hyper-
polarizedwhile the opposite side is depolarized [12]. Electric potential dif-
ferences across biologicalmembranes catalyze fundamental physiological
processes, including ATP synthesis and growth [13]. Pulsed electromag-
netic stimulation at 7.5 Hz reduces the loss of bone mass, enhances
osteoblast proliferation, and accelerates DNA synthesis [12,14]. Hence,
therapeutic treatments employing electric fields have been developed
for bone disorders. It is well accepted that substrate surface charge signif-
icantly influences cell attachment [15,16]. Grafting various ionic and non-
ionicmoieties to polymer surfaces increases adhesion and proliferation of
cells on positively charged substrates [17,18]. Bone cells modulate the
activity of hormones, growth factors, and cytokines when exposed to
electromagnetic stimuli, and electric fields promote osteogenesis [19]. In
eukaryotic cells, external electric fields affect development, regeneration,
andmotility [13]. An increase in osteoblast proliferation occurswhen rab-
bit bone marrow is electrically stimulated [20]. Encouraging results have
been reported on neuronal stem cells in which adhesion, proliferation,
and differentiation are facilitated by electrically conductive polymeric
fibers [21]. Modulation frequency of the external electric potential also
influences the activity of neuronal cell lines. Upon exposure to small-
amplitude ac electric fields at a frequency of 1 Hz, murine neuronal
stem cells encapsulated in alginate hydrogels exhibit improved viability
by approximately 1 order of magnitude [22]. This excitation frequency
is employed in numerical simulations to stimulate tissue regeneration in
dielectric biomaterials, without introducing a time-average of the electric
potential. Dynamic models with the potential to predict macroscale be-
havior from the microscale continuum are useful to describe underlying
multi-scale processes that occur when tissue regeneration is stimulated
by an electric potential.

2. Induced dipole polarization in dielectric solids subjected to
harmonic electric potential difference

The dipole polarization vector in dielectric biomaterials, with dimen-
sions of Coulomb-cm, is defined by the ensemble average of microscopic
dipole moments [23]. When dielectrics are polarized in the presence of
an electric field, the dipole polarization vector is nonzero. For isotropic
dielectrics that respond linearly to external fields, the dipole polarization
vector is parallel to the electricfield everywherewithin thematerial [24],
with a scalar proportionality constant known as the polarization coeffi-
cient or the dielectric susceptibility, κ=(ε−ε0) Volume/4π, where ε is
the dielectric permeability and ε0 is the permittivity of free space (i.e.,
8.854×10−12 C2/[N-m2]). Consider spherically shaped mammalian
cells that consume nutrients and grow axisymmetrically in the absence
of external fields, naturalfluctuations, and their ownmotility on biocom-
patible surfaces. When the surface is polarized, the intracellular medium
experiences induced polarization that perturbs axisymmetric growth
[13], analogous to the symmetry-breaking phenomenon that generates
mechanical stress imbalance on the cell's outer “comet-shaped” surface
[25]. It is postulated that dipole polarization in dielectric biomaterials
catalyzes rates of nutrient consumption by anchorage-dependent cells.
Hence, kinetic models are developed that contain an electric-field-
sensitive contribution, based on analysis of the Debye equation [i.e.,
Eq. (1)] for a single relaxation process characterized by one viscoelastic
time constant λ (T) when dielectric materials contain no excess charge
carriers [26]. The electrical analog of the Voigt model, with λ=RC,
contains resistive R and capacitive C elements in series, such that the
voltage drops are additive and the total dipole polarization is given by
the product of the dielectric susceptibility κ with the external electric
field E. This is equivalent to defining the effective field as a sum of the
external field and an internal contribution that scales linearlywith polar-
ization density. Hence, dipole polarization density P (t), with dimensions
of Coulomb-cm/cm3, is calculated in the presence of an external ac elec-
tric field E (t;ω) according to [26,27];

dP
dt

þ 1
λ Tð ÞP ¼ ε0 εS−ε∞f g 1

λ Tð ÞE t;ωð Þ

P t⇒−∞ð Þ ¼ 0

ð1Þ

where λ (T) is a temperature-dependent dipole relaxation time of the
viscoelastic biomaterial, and εS and ε∞ are the static and high-
frequency (i.e., optical) dielectric constants of the material, respectively.
The dipolar relaxation strength is εS−ε∞. Under isothermal conditions,
in which λ, εS, and ε∞ are constant, solution of Eq. (1) is obtained via ap-
plication of the integrating factor method for first-order inhomogeneous
ODEs;

P t;ωð Þ ¼ ε0 εS−ε∞f g
λ

exp
−t
λ

� �
∫
t

t′⇒−∞
E t′

;ω
� �

exp
t′

λ

( )
dt′ ð2Þ

If the harmonic electric potential difference applied across the
capacitor plates in a dielectric sandwich configuration is given by;

V t;ωð Þ ¼ V0 sin ωtð Þ ð3Þ

then the external ac electric field is E(t;ω)=V(t;ω) /d, where d is the
spacing between the plates. The induced dipole polarization in dielec-
tric biomaterials exhibits time and frequency dependence according
to Eq. (4). No attempt is made to connect biomaterial polarization
to intracellular polarization. Hence, dielectric properties of the bio-
compatible matrix influence stimulated nutrient consumption in the
presence of an electric potential;

P t;ωð Þ ¼ ε0 εS−ε∞f g
λ

V0

d
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� �
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λ

V0

d
ωλ2

1þω2λ2

1
ωλ

sin ωtð Þ− cos ωtð Þ
� �

¼ ε0
V0

d
ε′ ωð Þ sin ωtð Þ−ε″ ωð Þ cos ωtð Þ

n o
ε′ ωð Þ ¼ εS−ε∞f g 1

1þω2λ2 ¼ εS−ε∞f g 1
1þ De2

ε″ ωð Þ ¼ εS−ε∞f g ωλ
1þω2λ2 ¼ εS−ε∞f g De

1þ De2

ð4Þ

The scaling of time in viscoelasticity (i.e., material response time λ
relative to a characteristic experimental timescale, 1/ω) is accomplished
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via the Deborah number De, which is given by ωλ (T) for a one-time-
constant model [28]. For a Maxwell-like RC-circuit (i.e., with R and C in
parallel, and λ=RC), time-dependent polarization in the capacitive
element which stores electrical energy without power dissipation, is
completely in-phase with the oscillatory electric potential difference V
and contains the real part ε′ (ω) of the complex dielectric constant:
ε*=ε′ (ω)− jε″ (ω), where j=√(−1). Electrical energy dissipation
occurs in the resistive branch, where current and voltage drop are in-
phase, but polarization or charge density is completely out-of-phase
with V and contains the imaginary part ε″ (ω) of the complex dielectric
constant. Eq. (4) for the induced dipole polarization density exhibits
the same functional form if the actual dielectric biomaterial requires a
distribution of dipole relaxation times. However, the real and imaginary
components of the complex dielectric constant, ε′ (ω) and ε″ (ω), con-
tain additional terms similar to those in Eq. (4) for each significant relax-
ation time. If distributed relaxation processes are operative in cells and
tissues, then fractional calculus [29] might be useful to describe input–
output behavior of biological systems, due to the fractal or porous struc-
ture of the components. Fractional-order complex impedance in circuit
models allows one to describe transient and steady state frequency
response of dielectrics, biological tissue, bio-electrodes, and electrode/
cardiac-tissue interfaces in pacemaker electrodes with diffusion-
limited electrochemical reactions at the electrode surface [29].
3. Electric-field-enhanced rates of nutrient consumption in dielectric
biomaterials

It is necessary to consider electro-kinetic coupling between the in-
duced dipole polarization density in Eq. (4) and nutrient consump-
tion when cells anchored to dielectric biomaterials respond to an
electric potential difference across the capacitor plates. This is the
electrical analog of stress–kinetic scalar cross-phenomena when the
state of deformation in viscoelastic biomaterials is transmitted to
anchorage-dependent cells, and harmonic excitation catalyzes en-
hanced rates of nutrient consumption via symmetry breaking [25], as
mentioned above. In light of the fact that the potential bias of gold
electrodes affects elongated growth of Pseudomonas fluorescens cells
[13], a modification of root-mean-square dipole polarization density
that does not average dependence on time is employed in Eq. (5) to
quantify pseudo-homogeneous rates of nutrient consumption. In the
spirit of linear cross-couplings;

Rhomogeneous
nutrient

consumption

¼ kzero�fieldρnutrientρoxygenρcells þ γ electric

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 t;ωð Þ

q

P t;ωð Þ ¼ ε0
V0

d
ε′ ωð Þ sin ωtð Þ−ε″ ωð Þ cos ωtð Þ

n o ð5Þ

where the scalar electro-kinetic coupling coefficient γelectric has
dimensions of nutrient mass per thickness of the viscoelastic bioma-
terial per Coulomb-time. Electro-kinetic coupling via the second
term on the right side of Eq. (5) represents a zeroth-order rate of
nutrient consumption. Zero-field rates of nutrient consumption,
given by the first term on the right side of Eq. (5), require the
presence of nutrients, oxygen, and attached cells whose receptors
form complexes with functional groups in the chemical structure
of conformationally accessible proteins dispersed throughout,
or embedded within, porous biomaterials. Both kinetic rate coeffi-
cients in Eq. (5), kzero-field and γelectric, depend on the protein's
folding characteristics in a thin aqueous film on the interior bioma-
terial surface. Hence, the appropriate signaling exists for cells to
consume nutrients and proliferate within the context of regenera-
tive medicine.
4. Stoichiometric requirements for nutrient consumption by
anchorage-dependent mammalian cells

This application of tissue regeneration in dielectric biomaterials
includes zero-field and electro-kinetic rates of nutrient consumption,
where the latter is stimulated by a harmonic electric potential applied
across capacitor plates. It is necessary to connect the rate of nutrient
consumption to the rate of cell proliferation. Effective biomass yields
between 40% and 50% have been reported for a selected group of
glucose-fed micro-organisms [30,31]. Hence, σcells/σnutrient≈0.45 is
employed in Eq. (6), in consideration of the fact that some nutrient con-
sumption could be channeled into other products and metabolic activi-
ties not related to cell proliferation, such as energetic support for cell
mobility and sustainability. Yield coefficients that characterize cell
mass produced permass of oxygen consumed (i.e., σcells/σoxygen≈0.45)
for the production of hematopoietic cells in 3-dimensional perfusion
bioreactors suggest a 1:1mass ratio for oxygen to nutrient consumption
[32,33]. Both of these stoichiometric ratios (i.e., σcells/σnutrient≈0.45
and σoxygen/σnutrient≈1) are required to simulate tissue regeneration
via the following relations between mass densities for nutrients,
ρnutrient, and species i, ρi, in porous biomaterials;

ρi x;tð Þ−ρi x ¼ L;t ¼ 0ð Þ ¼ υi
σ i

σnutrient
ρnutrient x ¼ L;t ¼ 0ð Þ−ρnutrient x;tð Þf g

ð6Þ

where υcells=+1, and υoxygen=−1. These parameters are used in
Eqs. (19), (22) and (23).

5. Modified diffusion equation for electric-field-enhanced nutrient
consumption in cylindrical biomaterials

Fick's second law of diffusion with nutrient consumption (i.e., the
modified diffusion equation) describes the transient and spatial depen-
dence of the mass density of each reactive species (i.e., nutrients,
oxygen, growth factors, etc.) within a dielectric biomaterial of radius
Rcircular and thickness d that supports tissue regeneration [34–37]. In
reference to Fig. 1, with one-directional flux radially inward (i.e., trans-
verse to the electric-field direction), one must solve the reaction–
diffusion equation [38] for nutrient mass density, ρnutrient (r,t);

∂ρnutrient
∂t ¼ DA;effective;intra�tissue

1
r

∂
∂r r

∂ρnutrient
∂r

� �
−Rhomogeneous

nutrient
consumption

ð7Þ

where time t accounts for transient response, and DA,effective,intra-tissue is
the electric-field-enhanced effective diffusion coefficient of species A
within the porousmatrix. The total pseudo-homogeneous rate of nutri-
ent consumption by anchorage-dependent cells is calculated via Eq. (5)
in the presence and absence of electric-field stimulation. The thermody-
namics of irreversible processes yields the following equation for ordi-
nary molecular diffusion coefficients [39] in binary mixtures, DAB;

ρDAB≈
∂

∂ωA

μA

MWA
− μB

MWB

� �� �
T;p

≈ 1
MWA

þ xA

xBMWB

� � ∂μA

∂ωA

� �
T;p

ð8Þ

where ρ is overall mass density, μ is chemical potential, x is mole frac-
tion, and ωA is mass fraction. In the weak-field limit, when systems do
not achieve electric saturation, the electric field dependence of species
chemical potentials [28] is written in terms of partial molar dielectric
susceptibilities, κA;

μA T;p;E; compositionð Þ ¼ μA T;p; compositionð Þf gzero�field−
1
2
E2κA þ…

ð9Þ



Fig. 1. Schematic representation of cylindrical biomaterials in a dielectric-sandwich
configuration subjected to harmonic electric potential differences across the capacitor
plates, with radial diffusion of nutrients inward to support cell proliferation and
sustainability.
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Hence, effective intra-tissue diffusivities DA,effective,intra-tissue in the
presence of weak electric fields include (i) a zeroth-field Einstein-
like expression (i.e., D=χkBoltzmannT, χ=mobility), that scales in-
versely with molar mass and is reduced in magnitude by the porosity
and tortuosity of the biomaterial matrix [39], and (ii) a quadratic en-
hancement [40] that scales as E2;

DA;effective;intra�tissue ¼
εporosity
τtortuosity

χkBoltzmannT 1þΩE2 þ…
n o

¼ DA;zero�field 1þΩE2 þ…
n o

ð10Þ

In Eq. (10),χ is the inverse of a friction coefficient (i.e.,mobility) andΩ
is a positive constant that scales linearly with the compositional
dependence of the partial molar dielectric susceptibility of the diffusing
species. However, a detailed analysis of quantum diffusion in semicon-
ductors [41,42] reveals that one of the diagonal elements of the diffusion
tensor exhibits a 1/E2 dependence on field strength. The dielectric-
sandwich configuration is illustrated in Fig. 1, with radial diffusion unaf-
fected by electric field vectors oriented in the z-direction.

Pulsed electric-field-enhanced interstitial transport of plasmid DNA
has been investigated in vivo in tumors, revealing that the presence of
the field might be critical for diffusion of pDNA from interstitial space
to transient pores in the plasma membrane of electro-permeabilized
cells [43]. Due to the impermeable capacitor plate boundaries, the cir-
cumference of the regenerative matrix (i.e., r=Rcircular) is exposed to
dissolved oxygen in the well-mixed nutrient medium at time t=0,
allowing radial diffusion of essential ingredients inward to support
sustainability and proliferation of anchorage-dependent cells that are
seeded uniformly in a porousmatrix. The required boundary conditions
are;

ρnutrient ¼ ρnutrient;medium;r ¼ Rcircular; t > 0

∂ρnutrient
∂r ¼ 0; and ρnutrient⇒0; r ¼ rcritical tð Þ

ρnutrient ¼ 0; t ¼ 0; rcritical≤rbRcircular

ð11Þ

The zero-flux and zero-mass–density boundary condition at rcritical is
reminiscent of a boundary-layer problem because the central core is
nutrient-starved at short times for all reasonable values of the intra-
tissue Damköhler number. Dimensionless variables are introduced for
nutrient mass density, spatial position in the radial direction, and time,
where ΘDiffusion,zero-field=R2
circular/DA,zero-field represents a characteristic

time constant for intra-tissue diffusion under zero-field conditions [39].

Nutrient mass density; ΨA ¼ ρnutrient
ρnutrient;medium

Spatial coordinate in the radial direction; η ¼ r
Rcircular

Dimensionless diffusion time; τ ¼ tDA;zero�field

R2
circular

¼ t
ΘDiffusion;zero�field

ð12Þ

This allows one to re-express the modified diffusion equation and
its boundary conditions in dimensionless form for nutrient mass den-
sity ΨA (η,τ);

∂ΨA

∂τ ¼ 1þΩE2
� � ∂2ΨA

∂η2 þ 1
η
∂ΨA

∂η

( )
−Λ2

A;zero�fieldΨAΨoxygenΨcells

−
Λ2
A;electric

1þ De2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin ωtð Þ−De cos ωtð Þf g2

q
ΨA ¼ 1; η ¼ 1; τ > 0

∂ΨA

∂η ¼ 0; andΨA⇒0; η ¼ 1−δMTBLT τð Þ

ΨA ¼ 0; τ ¼ 0; 1−δMTBLT τð Þ≤ η b 1

E t;ωð Þ ¼ V0

d
sin ωtð Þ

1þΩE2 ¼ 1þ ξΛ4
A;electric sin

2 ωtð Þ

De ¼ ωλ Tð Þ; ωt ¼ De
ΘDiffusion;zero�field

λ Tð Þ τ

ð13Þ

Λ2
A,zero-field is the species-specific zero-field intra-tissue Damköhler

number that represents an order-of-magnitude ratio of the consump-
tion rate to the rate of diffusion toward anchorage-dependent cells
[34,39], when both rate processes occur under zero-field conditions.
Hence:

Λ2
A;zero�field ¼ kzero�fieldρ

2
nutrient;mediumΘDiffusion;zero�field ð14Þ

where ρnutrient,medium is the mass density of nutrients in the vicinity of
the external tissue circumference, and kzero-field is the pseudo-
volumetric third-order kinetic rate constant for nutrient consumption
under zero-field conditions. The electric-field-sensitive intra-tissue
Damköhler number is defined as the zeroth-order rate of nutrient con-
sumption in the presence of an external electric field relative to the
zero-field rate of intra-tissue diffusion toward anchorage-dependent
cells:

Λ2
A;electric ¼

V0

d
γelectricε0 εS−ε∞f g

ρnutrient;medium
ΘDiffusion;zero�field ð15Þ

where γelectric is the scalar electro-kinetic coupling coefficient, V0 is the
amplitude of the harmonic electric potential difference across the
capacitor plates with gap thickness d, and εS−ε∞ is the dipolar relaxation
strength of the viscoelastic biomaterial, or the difference between the
static and high-frequency (i.e., optical) dielectric constants. Eq. (13)
represents a unique example in the refereed journal literature where
the Damköhler and Deborah numbers appear together in the reaction–
diffusion equation to parameterize mass transfer in viscoelastic biomate-
rials [44] subjected to electric-field stimulation. The electric-field-
sensitive intra-tissue Damköhler number [i.e., see Eq. (15)] is defined
for the first time in this investigation. The concept of the intra-tissue
Damköhler number in biological systems is analogous to the intrapellet
Damköhler number for heterogeneous catalysis in packed reactors
[38,39]. Electric field effects in complex cellular systems have been ana-
lyzed in two- and three-dimensions by (i) constructing transport lattice
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networks that include nearest neighbor interactions and (ii) solving
electric-circuit-law equations at nodes and around various closed loops
[45]. A two-dimensional representation of the transient reaction–
diffusion equation in spherical coordinates, with dependence on r and
the polar angle, has been solved by the alternating-direction-implicit
finite-difference algorithm in the presence of a first-order “sink” term
where the kinetic rate constant is modified by a dc electric field, but the
diffusion coefficient is parameterized under zero-field conditions [46].
Numerical solution of Eq. (13) via finite-difference calculus is awk-
ward, due to the zeroth-order electric-field-sensitive rate of nutri-
ent consumption that must be extinguished in the tissue's central
core at short times when nutrients have not diffused inward to a sig-
nificant extent. There are very few literature references that invoke
the von Kármán–Pohlhausen profile method and solve the modified
diffusion equation with chemical reaction [37,44] to predict tran-
sient mass transfer boundary layer thicknesses (i.e., 4 matches in
Web of Science™ to diffusion, reaction, von Kármán). Profile methods
have not been employed to solve mass transfer boundary layer
problems in the presence of electro-kinetic stimulation.

6. Solution of the unsteady state reaction–diffusion equation
according to the von Kármán–Pohlhausen integral method of
boundary layer analysis

Several nonlinear reaction–diffusion equations, including Fisher's
equation for transient 1-dimensional diffusion and 2nd-order growth,
are discussed in reference [47]. Bendahmane and Karlsen [48] prove
existence and uniqueness for a class of reaction–diffusion equations
that simulate electro-physiological waves in cardiac tissue. Sherratt et
al. [49] have analyzed solutions of the reaction–diffusion equation that
include cell–cell and cell–matrix adhesion, random cell movement,
and cell proliferation. In this investigation, the transient reaction–
diffusion equation, given by Eq. (13), was solved for dimensionless
nutrient mass density, ΨA (φ), and the dimensionless mass transfer
boundary layer thickness δMTBLT (τ; ΛA,zero-field, ΛA,electric) by postulating
a quadratic function of the combined variable φ according to the von
Kármán–Pohlhausen profile method of boundary layer analysis [37];

ΨA η; τð Þ ¼ ΨA φð Þ ¼ αþ βφþ ζφ2

φ ¼ 1−η

δMTBLT τ;ΛA;zero�field;ΛA;electric

� � ð16Þ

The proposed quadratic function for dimensionless nutrient mass
density ΨA in Eq. (16) is consistent with steady state profiles for
zeroth-order rates of consumption in tissue with rectangular symme-
try [37,39], for all values of both intra-tissue Damköhler numbers.
Boundary conditions at η=1 [i.e., ΨA (φ=0)=1] and η=1
−δMTBLT [i.e., {∂ΨA/∂η}φ=1=ΨA (φ=1)=0] yield numerical values
for the constants α, β, and ζ. Hence;

ΨA φ ¼ 0ð Þ ¼ α ¼ 1
ΨA φ ¼ 1ð Þ ¼ αþ βþ ζ ¼ 0
∂ΨA

∂η

� �
η¼1−δMTBLT

¼ −1

δMTBLT τ;ΛA;zero�field;ΛA;electric

� � ∂ΨA

∂φ

� �
φ¼1

¼ −β−2ζ

δMTBLT τ;ΛA;zero�field;ΛA;electric

� � ¼ 0

ð17Þ

with α=1, β=−2, ζ=1. If ΨA⇒0 with zero slope at φ=1, then the
initial condition is satisfied asφ⇒∞. Upon substitution of the postulated
profile forΨA (φ) via Eq. (16) into Eq. (13), multiplication by δMTBLT, and
integration with respect to φ from 0 to 1;

1ð Þ ∂ΨA

∂τ

� �
η
¼ dΨA

dφ
∂φ

∂δMTBLT

� �
η

dδMTBLT

dτ
¼ −φ

δMTBLT
βþ 2ζφf gdδMTBLT

dτ

2ð Þ−dδMTBLT

dτ
∫
1

0

φ βþ 2ζφf gdφ ¼ − 1
2
βþ 2

3
ζ

� �
dδMTBLT

dτ

3ð Þ ∂2ΨA

∂η2

( )
τ

¼ 1
δ2MTBLT

d2ΨA

dφ2 ¼ 2ζ
δ2MTBLT

4ð Þ 1
η

∂ΨA

∂η

� �
τ
⇒

β¼−2

ζ¼1

2
δMTBLT

∫
1

0

1−φ
1−φδMTBLT

dφ ¼ 2
δMTBLT

δMTBLT þ 1−δMTBLTð Þ ln 1−δMTBLT½ �
δ2MTBLT

( )

ð18Þ

one obtains a first-order ordinary differential equation (ODE) for δMTBLT

(τ; ΛA,zero-field, ΛA,electric) that represents conservation of nutrient mass
over the thickness of the boundary layer;

1
3
dδMTBLT

dτ
¼ 1þ ξΛ4

A;electric sin
2 ωtð Þ

n o 4
δMTBLT

þ 2
δ2MTBLT

1−δMTBLTð Þ ln 1−δMTBLTf g
" #

−
δMTBLTΛ

2
A;electric

1þ De2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin ωtð Þ−De cos ωtð Þf g2

q

−δMTBLTΛ
2
A;zero�field ∫

1

φ¼0

ΨA φð ÞΨoxygen φð ÞΨcells φð Þdφ

ð19Þ

The differential equation for δMTBLT in Eq. (19) reduces to
Eq. (20) at steady state in the absence of electrical stimuli (i.e.,
ΛA,electric⇒0) when the dimensionless nutrient mass transfer
boundary layer thickness is independent of dimensionless diffusion
time τ.

δ2MTBLTΛ
2
A;zero�field ∫

1

φ¼0

ΨA φð ÞΨoxygen φð ÞΨcells φð Þdφ− 2
δMTBLT

1−δMTBLTð Þ ln 1−δMTBLTf g ¼ 4

ð20Þ

For zeroth-order nutrient consumption in the absence of electric
fields, the integral on the left side of Eq. (20) is unity and the
steady-state dimensionless nutrient boundary layer thickness in
long cylindrical biomaterials depends on the zero-field intra-tissue
Damköhler number according to Eq. (21);

δ2MTBLTΛ
2
A;zero�field−

2
δMTBLT

1−δMTBLTð Þln 1−δMTBLTf g ¼ 4 ð21Þ

This is consistent with a critical zero-field intra-tissue Damköhler
number, {ΛA,zero-field}=2, in cylindrical biomaterials [37,39] when
δMTBLT=1, because the second term on the left side of Eq. (21)
vanishes according to l'Hopital's rule. When ΛA,zero-field>2 for
zeroth-order kinetics in porous tissue with cylindrical symmetry,
δMTBLTb1 and the central core is starved of essential ingredients re-
quired for cell proliferation at steady state, according to the lower
curve in Fig. 2.

When zero-field consumption by anchorage-dependent cells
follows 3rd-order kinetics, requiring the presence of several ingredi-
ents as described by Eqs. (5) and (20), reasonable conditions at the
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Λ2
A;zero�field

.
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biomaterial/nutrient-medium interface (i.e., r=Rcircular) yield the fol-
lowing tissue-averaged dimensionless rate of consumption:

ΨA φð Þ ¼ ρnutrient
ρnutrient;medium

¼ αþ βφþ ζφ2

Ψi φð Þ−ρi r ¼ Rcircular; t ¼ 0ð Þ
ρnutrient;medium

¼ υi
σi

σnutrient
1−ΨA φð Þf g; i ¼ cells;oxygen

∫
1

φ¼0

ΨA φð ÞΨoxygen φð ÞΨcells φð Þdφ

¼
Ψcells η¼1;τ¼0ð Þ¼0:25

−0:0343þ 0:06Ψoxygen η ¼ 1;τ ¼ 0ð Þ−0:133Ψcells

� η ¼ 1; τ ¼ 0ð Þ þ 0:333Ψoxygen η ¼ 1;τ ¼ 0ð ÞΨcells

� η ¼ 1; τ ¼ 0ð Þ
≈0:040 whenΨoxygen η ¼ 1;τ ¼ 0ð Þ ¼ 0:75

h i
≈0:076 whenΨoxygen η ¼ 1;τ ¼ 0ð Þ ¼ 1

h i

8>>>>>>>>>><
>>>>>>>>>>:

9>>>>>>>>>>=
>>>>>>>>>>;

ð22Þ

Now, cylindrical biomaterials can operate further into the
diffusion-limited regime at steady state, before regeneration ceases
in the tissue's central core (Fig. 2, upper curve), because the initial-
condition-sensitive critical zero-field intra-tissue Damköhler number
is evaluated via Eqs. (20) and (22) when δMTBLT=1. This calculation is
provided in Eq. (23). In the presence of convection, diffusion, and
zeroth-order nutrient consumption, similar criteria have been devel-
oped to avoid starvation in the central core of porous biological pel-
lets with spherical symmetry [50].

Λ2
A;zero�field

n o
critical

¼ 4

∫
1

φ¼0

ΨA φð ÞΨoxygen φð ÞΨcells φð Þdφ

¼
Ψcells η¼1;τ¼0ð Þ¼0:25

≈ 4
0:040

¼ 100 whenΨoxygen η ¼ 1; τ ¼ 0ð Þ ¼ 0:75
h i

≈ 4
0:076

≈53 whenΨoxygen η ¼ 1; τ ¼ 0ð Þ ¼ 1
h i

8><
>:

9>=
>;

ð23Þ
7. Parametric analysis of electric-field-sensitive nutrient
consumption in dielectric biomaterials

The time-dependent ODE in Eq. (19)was solved for the development
of δMTBLT (τ; ΛA,zero-field, ΛA,electric), subject to the initial condition δMTBLT

(τ=0)=0 for a reasonable range of Deborah numbers that are charac-
teristic of soft and rigid biomaterials, as well as those that experience
dielectric relaxationwhenDe≈1. The amplitude of the electric potential
difference across the capacitor plates V0 represents a convenient param-
eter for systematic variation of the electric-field-sensitive intra-tissue
Damköhler number, according to Eq. (15). The dimensionless parameter
ξ that characterizes the weak-field dependence of intra-tissue diffusiv-
ities on E2 is given by:

DA;effective;intra�tissue ¼ DA;zero�field 1þΩE2 þ…
n o

¼ DA;zero�field 1þ ξΛ4
A;electric sin

2 ωtð Þ þ…
n o

ξ ¼ Ω
ρnutrient;medium

γelectricε0 εS−ε∞f gΘDiffusion;zero�field

( )2

ð24Þ

Time-averaging of E2 was not employed in Eqs. (13), (19), and
(24) because the period of oscillation of the electric potential (i.e.,
2π /ω) is of the same order-of-magnitude as the time constant for
diffusion under zero-field conditions, ΘDiffusion,zero-field. Rigorously,
the effective intra-tissue diffusivity is a symmetric 2nd-rank tensor
in which the electric potential only affects the diagonal elements,
via Eqs. (10) and (24). Hence, Ω and ξ vanish when radial diffusion
in Eq. (19) is analyzed with electric field vectors oriented in the
z-direction. The initial rate of increase of δMTBLT with respect to τ is in-
finitely fast, according to the first term due to diffusion on the right
side of Eq. (19) that does not depend on zero-field or electric-field-
stimulated rates of consumption. Analogously, the diffusion terms
are dominant on the right side of Eq. (7) [i.e., derivatives of ρnutrient
with respect to r] and Eq. (13) [i.e., derivatives of ΨA with respect
to η] at τ=0, prior to the development of the mass transfer boundary
layer. Previous analytical solutions of the modified diffusion equation
with simple nth-order kinetics (i.e., n=0,1,2) in biomaterials with
rectangular symmetry [28] reveal that δMTBLT≈0.0346 at τ=10−4

when ΛA,zero-field=4. This pseudo-initial condition is employed in
this investigation. Biomaterial response is analyzed by capturing the
time dependence of tissue-averaged dimensionless nutrient mass
density, defined according to Eq. (25);

1
ρnutrient;mediumπR

2
circulard

∫
z¼d

z¼0

dz ∫
θ¼2π

θ¼0

dθ ∫
r¼Rcircular

r¼rcritical

ρnutrient r;tð Þrdr

¼ 2 ∫
η¼1

η¼1−δMTBLT

ΨA η;τð Þηdη ¼ 2δMTBLT τð Þ ∫
φ¼1

φ¼0

αþ βφþ ζφ2
n o

1−φδMTBLT τð Þf gdφ

¼ 2δMTBLT τð Þ αþ 1
2
βþ 1

3
ζ

	 

− 1

2
αþ 1

3
βþ 1

4
ζ

	 

δMTBLT τð Þ

� �

¼α¼ζ¼1

β¼−2

1
6
δMTBLT τð Þ 4−δMTBLT τð Þf g

ð25Þ

Tissue-averaged dimensionless nutrient mass density, given by the
function in Eq. (25), is illustrated in Fig. 3 when dielectric relaxation
occurs in porous biomaterials, electric-field-enhanced intra-tissue
diffusion is neglected, and the zero-field intra-tissue Damköhler num-
ber is greater than its critical value of 53 [see Eq. (23)], such that the tis-
sue's inner core, defined by 0≤η≤1−δMTBLT, is starved of the essential
ingredients required for cell sustainability and proliferation.

One qualitatively identifies a critical electric-field-sensitive intra-
tissue Damköhler number Λ2

A,electric,critical≈10 to achieve at least 10%
absolute decrease in tissue-averaged nutrient mass density relative to
steady state zero-field conditions when Λ2

A,zero-field=100 in Fig. 3.
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according to Eq. (25) via the solution of Eq. (19) for electric-field-stimulated nutrient
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tric relaxation (i.e., De=1). Electric-field enhancement of intra-tissue diffusion is not
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field uppermost curve to the lowermost curve. The critical electric-field-sensitive
intra-tissue Damköhler number is approximately 10% of the zero-field intra-tissue
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1000 steps in dimensionless diffusion time τ, from τ=0 to τ=1.
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Harmonic excitation of solid-like biomaterials at higherDeborahnumbers
in Fig. 4 occurs at the same frequency (i.e., 1 Hz.) relative to the simula-
tions in Fig. 3 when De=1, but the dimensional analysis of time in the
harmonic electric potential includes the Deborah number [i.e., see
Eq. (13)]. Hence, higher Deborah number response translates to higher
perceived oscillation frequency for nutrient boundary layer thickness
and tissue-averaged nutrient mass density on the dimensionless time
axis when the ratio of the zero-field diffusion time constant ΘDiffusion,

zero-field to thematerial response timeλ(T) remains the same, even though
each time constant is longer in rigid solids relative to those that undergo
dielectric relaxation. The effect of the Deborah number on the real and
imaginary components of the complex dielectric constant, according
to Eq. (4), is primarily responsible for (i) smaller amplitude oscilla-
tory response in Fig. 4 relative to Fig. 3, and (ii) the fact that larger
electric-field-sensitive intra-tissue Damköhler numbers in rigid
biomaterials are required to induce a significant decrease in the
tissue-averaged nutrient mass density relative to zero-field simula-
tions. For example, the critical electric-field-sensitive intra-tissue
Damköhler number Λ2

A,electric,critical≈40 in Fig. 4 to achieve at least
10% absolute decrease in tissue-averaged nutrient mass density relative
to steady state zero-field conditions when Λ2

A,zero-field=100 and
De=5.

8. Conclusions

Biological systems respond to mechanical stress and electro-
kinetic stimulation, via complex mechano-transduction [51,52] and
electro-transduction pathways. In this research contribution, dynam-
ic dielectric spectroscopy in viscoelastic polymers and the Debye
equation with one relaxation time are employed to calculate induced
dipole polarization in response to harmonic electric potential excita-
tion. Nutrient consumption and cell proliferation are stimulated by
induced dipole polarization in polymeric scaffolds that contain
anchorage-dependent mammalian cells. A cylindrical geometry is an-
alyzed with dielectric biomaterials sandwiched between a parallel-
plate capacitor, such that the electric-field vectors are aligned with
the z-direction. Due to the impermeable capacitor plate boundaries,
nutrient media are exposed to these porous biomaterials along their
circumference, allowing radial diffusion of nutrients and growth fac-
tors inward to support cell proliferation and sustainability. Important
new concepts that do not appear elsewhere in the research literature
are summarized by the following equations: Eq. (5) describes electro-
kinetic rates of nutrient consumption, Eq. (13) represents the dimen-
sionless reaction–diffusion equation that includes the Damköhler and
Deborah numbers, Eq. (15) defines the electric-field-sensitive intra-
tissue Damköhler number, Eq. (19) describes time-evolution of the
nutrient boundary layer thickness, and Eq. (23) evaluates the critical
value of the zero-field intra-tissue Damköhler number. Diffusional
mass flux radially inward is essentially “uncoupled” from electric-
field vectors in the z-direction, but the dielectric nature of polymeric
biomaterials generates dipole polarization density that catalyzes
enhanced rates of nutrient consumption and cell proliferation. It is
desirable to develop regenerative tissue under reaction–diffusion
conditions where the zero-field intra-tissue Damköhler number is
less than its critical value to guarantee that the entire porous biomaterial
matrix is exposed to nutrients, oxygen, and growth factors at steady
state. The von Kármán–Pohlhausen integral method of boundary layer
analysis of the reaction–diffusion equation reveals time-dependent
growth of the mass transfer boundary layer inward from the external
tissue/nutrient-medium interface toward the central core. Nutrient
mass transfer boundary layer thickness δMTBLT appears as a time-
dependent length scale in the denominator of the combined independent
variable φ, via Eq. (16), and δMTBLT satisfies Eq. (19) for radial diffusion in
dielectric biomaterials with anchorage-dependent cells that experience
electric-field-stimulated nutrient consumption. The Damköhler and
Deborah numbers provide a unique description of diffusion and
electro-kinetic stimulation of nutrient consumption when visco-
elastic relaxation occurs. The critical value of the electric-field-
sensitive intra-tissue Damköhler number Λ2

A,electric,critical, above
which it is necessary to consider the effect of harmonic electric
potential on nutrient consumption for tissue regeneration, is pro-
portional to the Deborah number and corresponds to a larger



15L.A. Belfiore et al. / Biophysical Chemistry 161 (2012) 8–16
fraction of the zero-field intra-tissue Damköhler number in rigid
dielectric biomaterials.
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Glossary
d: thickness of dielectric biomaterial, sandwiched between capacitor plates
DAB: binary molecular diffusion coefficient
DA,effective: intra-tissue diffusion coefficient for species A
DA,zero-field: intra-tissue diffusion coefficient for species A under zero-field conditions
De: Deborah number; {material response time}/{time scale for deformation}
E: ac electric field
kBoltzmann: Boltzmann's constant
kzero-field: kinetic rate constant for 3rd-order pseudo-homogeneous rate of consumption
under zero-field conditions; {volume/mass}2 / time
MWi: molar mass of species i
P: dipole polarization density, Coulomb-cm/cm3

r: spatial coordinate measured in the radial direction, cylindrical coordinates
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rcritical: critical value of the spatial coordinate in the radial direction for cylindrical
tissue, below which reactants do not penetrate the central core of the tissue
Rcircular: radius of porous dielectric biomaterials with cylindrical symmetry
Rhomogeneous: rate of pseudo-homogeneous nutrient consumption, with contributions
from zero-field and electric-field-sensitive kinetic pathways; mass /{volume–time}
t: independent variable for transient response, time
T: absolute temperature
V: electric potential applied across capacitor plates
V0: amplitude of the harmonic electric potential applied across capacitor plates
xi: mole fraction of species i

Greek symbols

α,β,ζ: coefficients in the quadratic function for dimensionless nutrient mass density
ΨA, see Eq. (16)
γelectric: scalar electro-kinetic coupling coefficient, mass/ {thickness–Coulomb–time}
δMTBLT: time-dependent dimensionless mass transfer boundary layer thickness
∇: gradient operator
εporosity: void volume fraction for porous biomaterials
ε0: permittivity of free space, 8.854×10−12 C2/(N-m2)
εS: dielectric constant at zero-frequency
ε∞: optical dielectric constant at very high frequency
ε′ (ω): real part of the complex dielectric constant, electrical storage component
ε″ (ω): imaginary part of the complex dielectric constant, dissipative component
ε*: complex dielectric constant: ε′− jε″
φ: combined variable in the von Kármán–Pohlhausen quadratic molar density profile,
see Eq. (16)
κ: polarization coefficient, or dielectric susceptibility
κA: partial molar dielectric susceptibility of species A
λ (T): material response time for dielectric biomaterials
ΛA,zero-field: intra-tissue Damköhler number, order-of-magnitude estimate of the rate of
consumption with respect to the rate of species-specific diffusion toward the central
tissue core, both rate processes occur under zero-field conditions
ΛA,zero-field,critical: critical value of the zero-field intra-tissue Damköhler number, above
which the tissue's central core is starved of essential nutrients at steady state
ΛA,electric: electric-field-sensitive intra-tissue Damköhler number, order-of-magnitude
estimate of the electric-field-enhanced rate of consumption with respect to the zero-
field rate of species-specific diffusion toward the central tissue core
η: dimensionless spatial coordinate in the radial direction for tissue with cylindrical
symmetry; Eq. (12)
μi: chemical potential of species i
υi: stoichiometric coefficients for reactants (i.e., oxygen) and products (i.e., cells)
ρcells: mass density of attached cells within porous biomaterials
ρnutrient: intra-tissue mass density of nutrients
ρnutrient,medium: mass density of nutrients on the external biomaterial surface, at
r=Rcircular

ρoxygen: intra-tissue mass density of dissolved oxygen
ξ: dimensionless coefficient that describes electric field enhancement of intra-tissue
diffusivity, Eq. (24)
ΨA: dimensionless mass density of nutrients, defined in Eq. (12)
Ψcells: dimensionless mass density of attached cells
Ψoxygen: dimensionless mass density of dissolved oxygen
σcells/σnutrient: stoichiometric ratio of the mass of cells produced per mass of nutrients
consumed, ≈0.45
σoxygen/σnutrient: stoichiometric ratio of the mass of oxygen consumed per mass of
nutrients consumed, ≈1
ΘDiffusion,zero-field: characteristic time constant for intra-tissue diffusion under zero-field
conditions; R2

circular /DA,zero-field

τ: dimensionless independent time variable, defined in Eq. (12)
τtortuosity: tortuosity factor for porous biomaterials
ω: frequency of harmonic electric potential applied across capacitor plates
ωA: mass fraction of species A
Ω: coefficient that describes electric field enhancement of intra-tissue diffusivity, Eq.
(10)
χ: mobility, or inverse friction coefficient, for Einstein diffusivity, Eq. (10)
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